A new supersymmetric, asymptotically anti-de Sitter, black hole solution of five-dimensional U (1) 3 gauged supergravity is presented. All known examples of such black holes arise as special cases of this solution, which is characterized by three charges and two angular momenta, with one constraint relating these five quantities. Analagous solutions of U (1) n gauged supergravity are also presented.
Introduction
Supersymmetric black hole solutions of five-dimensional gauged supergravity are of interest because their existence raises the question of whether it is possible to provide an exact calculation of black hole entropy using four dimensional super Yang-Mills theory via the AdS/CFT correspondence [1, 2, 3] . The first examples of such solutions were obtained two years ago [4, 5] and further examples have been obtained more recently [6, 7] . The purpose of this paper is to present a more general supersymmetric solution that contains all of these solutions as special limiting cases.
We shall be concerned with N = 1 gauged supergravity coupled to two abelian vector multiplets, which has gauge group U (1) 3 . A solution of this theory with (electric) charges Q i with respect to the three U (1)'s can be oxidized to a solution of type IIB supergravity which, in CFT language has SU (4) charge given by the weight vector (Q 1 , Q 2 , Q 3 ) [8] . Sometimes we shall also refer to minimal gauged supergravity. A charge Q solution of this theory oxidizes to a IIB solution with R-charge (Q, Q, Q) [9] .
The known supersymmetric black holes in five-dimensional gauged supergravity all have nonvanishing angular momentum. Let J 1 , J 2 denote the angular momenta 1 . The mass is determined by the BPS relation
2 The general solution
The theory
We shall consider the theory of five dimensional N = 1 gauged supergravity coupled to n − 1 abelian vector multiplets constructed in [16] . The bosonic sector this theory consists of the graviton, n vectors A I and n − 1 real scalars. The latter can be replaced with n real scalars X I subject to a constraint 1 6
where C IJK are a set of real constants symmetric under permutations of (IJK). Indices I, J, K, . . . run from 1 to n. It is convenient to define
The action is 2
where
For simplicity, we shall assume that the scalars parametrize a symmetric space, which is equivalent to the condition
This condition ensures that the matrix Q IJ is invertible, with inverse
We then have
The symmetric space condition is probably not essential -we expect that it should be possible to use the results of [11] to relax it in what follows. However, we are mainly interested in a U (1) 3 theory for which this condition is satisfied so we shall assume it for simplicity henceforth. The scalar potential is
whereX I are a set of constants. It was shown in [5] that the unique maximally supersymmetric solution of this theory is AdS 5 with radius g −1 , vanishing vectors and constant scalars:
In section 3, we shall consider a particular U (1) 3 gauged supergravity. In the above language, this theory has n = 3, C IJK = 1 if (IJK) is a permutation of (123) and C IJK = 0 otherwise, andX I = 1 (soX I = 1/3).
Supersymmetric solutions
The general nature of supersymmetric solutions of this theory was deduced in [5] following closely the corresponding analysis for the minimal theory given in [10] . Given a supercovariantly constant spinor ǫ, one can construct a real scalar f ∼ǭǫ and a real vector V µ ∼ǭγ µ ǫ. These obey V 2 = −f 2 , so V is timelike or null, and it turns out that V is always Killing. There are two cases: a "null" case, in which V is globally null and a "timelike" case in which V is timelike in some region U of spacetime. The former case was treated in [10, 11] and does not concern us here because such solutions cannot describe black holes.
In the timelike case, we can, without loss of generality, assume that f > 0 in U, and introduce local coordinates so that the metric takes the form
with V = ∂/∂t, h mn is a metric on a 4-dimensional Riemannian "base space" B and ω a 1-form on B. Supersymmetry implies that the base space is Kähler [10, 5] . Let J denote the Kähler form and define the orientation of B so that J is anti-self-dual. If η 4 denotes the volume form of B then (dt + ω) ∧ η 4 must then be positively oriented in space-time.
Turning to the Maxwell fields, supersymmetry implies that [5]
and
where Θ I are self-dual 2-forms on B and
where ⋆ 4 is the Hodge dual on B. Now define R to be the Ricci form of B:
where R mnpq is the Riemann tensor of B and indices are raised with h mn . Supersymmetry implies that [5] 
These equations determine f [5] (R is the Ricci scalar of B):
The above conditions are all necessary for supersymmetry. The analysis of [5] reveals that they are also sufficient, i.e., a supercovariantly constant spinor will exist if the metric and maxwell field are given by (12) and (13) for some Kähler B, and equations (14) and (17) are satisfied. The field equations of the theory are all satisfied once we impose the equations of motion for the Maxwell fields [5] , i.e., the Bianchi identities
and the Maxwell equations,
One can substitute the expression (13) into these equations to obtain a pair of equations on B [5] but we shall not write them out here. The analysis of [10, 5] reveals that the fraction of supersymmetry preserved by these solutions is generically 1/4, i.e., such solutions are preserved by 2 real supercharges. This might be enhanced in special cases. However, it has been shown [17] that this does not happen for the supersymmetric black holes of [4] , even when oxidized to ten dimensions. Since these are a special case of our solution, we do not expect supersymmetry enhancement here either.
The base space
The first step in constructing a new solution using the above procedure is to choose the base space. As discussed in the introduction, we shall use a base space obtained by writing the metrics of the supersymmetric solutions of [6, 7] in the form (12) . We find that the base space of both metrics takes the form
The coordinate ranges are r 2 > r 2 0 , 0 ≤ θ ≤ π/2 and φ, ψ are angular coordinates with period 2π. Surfaces of constant r have topology S 3 . This metric is specified by three constants: a, b and r 2 0 . The first two of these correspond roughly to angular momentum parameters for the φ and ψ directions of the black holes of [6, 7] . We shall assume 4 g −1 > a, b ≥ 0. The base space has a curvature singularity at r 2 = r 2 0 but the space-time metric (12) is smooth at r 2 = r 2 0 , in fact this corresponds to the event horizon. r 2 0 is not an independent parameter for these solutions. For the minimal gauged supergravity solution of [7] , it takes the value r 2 0 = r 2 m , where
For the U (1) 3 solution of [6] , r 2 0 = r 2 * , where
For these values of r 0 , supersymmetry implies that the above base space metric must be Kähler. We find that the Kähler form is
In fact, we find that the metric (22) is Kähler for any r 2 0 , with Kähler form given by (26). Antiself-duality of J determines the orientation of B: dr ∧ dθ ∧ dψ ∧ dφ is positively oriented. For later convenience, we also record the Ricci form:
It appears, then, that we have a 3-parameter generalization of the 2-parameter base metrics of [6, 7] . However, this is not the case: it turns out one combination of these parameters can be eliminated by a coordinate transformation. To see this, let
The base metric now takes the simplified form 5 :
Since ∆ θ = Ξ a cos 2 θ+Ξ b sin 2 θ, it can now be seen that the metric depends on only two combinations of the constants, namely A, B > 0, where
The redundancy in the metric (22) implies that r 2 0 can be set to any convenient value by means of a coordinate transformation. We shall choose r 2 0 = 0. Note that the parameters a, b also transform. If we start in the "gauge" r 0 = 0 and transform to some new value of r 0 then the new values (a ′ , b ′ ) can be determined by invariance of A, B. This is important when comparing our results with those of [6, 7] .
The solution
Having chosen a base space, it remains to solve the remaining conditions for supersymmetry. We shall do this by making an Ansatz that is sufficiently general to encompass the known solutions of [5, 6, 7] . We take the general supersymmetric metric (12) with the particular base space (22) with r 0 = 0. The Ansatz is
where P 2 , P 0 , Q 2 , Q 0 , e I , c I and d I are constants. Equations (33) and (3) determine f :
i.e.,
For the solutions of [5, 6, 7] , A I ψ and A I φ decay as 1/r 2 for large r so we impose the same condition here, which determines
For orientation, we note that this Ansatz can be embedded in minimal gauged supergravity when X I ≡X I and A I =X I A where A is the Maxwell potential of the minimal theory. Now we impose the conditions required for supersymmetry. First, equation (17) is satisfied for the Ricci form (27) by taking P 2 = (4r 2 m + β 1 )/3 + b 2 and Q 2 = (4r 2 m + β 1 )/3 + a 2 (where r 2 m is defined by (24)). Next, either from imposing self-duality of Θ I or from equation (19) one obtains the constraint
and hence
The final equation required for supersymmetry is (14) , which is satisfied if
We must now impose the equations of motion for the Maxwell fields. The Bianchi identities are trivial (we've specified potentials) and the Maxwell equations turn out to impose no further restrictions. Hence we have a supersymmetric solution. It is specified by the constants a, b and e I subject to the constraint (39). Therefore the solution has n + 1 independent parameters.
Asymptotics and charges
Now we show that our supersymmetric solution asymptotes to AdS 5 . To transform to a frame which is not rotating at infinity let t =t, ψ =ψ − gt, φ =φ − gt and y 2 = r 2 + 2r 2 m /3. The spacetime metric for large r (or y) then takes the form
To bring the asymptotic metric into the familiar global AdS 5 coordinates one needs to perform the transformation:
In the asymptotically static coordinates, the supersymmetric Killing field is
The notation used above enabled the solution to be presented in a concise manner. However, in calculating the charges it is useful to define new parameters q I defined by
We shall see that q I are closely related to the electric charges of our solution. Let
These are related to the β i via
The constraint (39) becomes
The electric charges are defined by:
where the integral is taken over a three-sphere at infinity. This gives:
Note that this is independent of a, b and hence coincides with the result of [5] . We will define the angular momenta via Komar integrals
where the Killing vector K µ i is either ∂ φ or ∂ ψ and the S 3 is at infinity. We find:
The mass is fixed by the BPS condition
which gives
As written above, is trivial to see that these various charges reduce to those of the black holes of [5] when a = b. We have have also checked that they are consistent with the results of [6, 7] , for which one needs to use (30) together with the appropriate value of r 0 .
Absence of causal pathologies
Note that f is an invariant of the solution and should therefore remain finite on, and outside, the horizon. Hence we demand
This constraint guarantees that the scalars are finite for r ≥ 0. For A > B, evaluating this inequality at r = 0 gives
If A < B then the same expression holds with A and B interchanged. Absence of closed causal curves requires that the φ − ψ part of the metric be positive definite. We find that this is the case as r → 0 if, and only if,
Extension through the horizon
We shall now show that our solution has an event horizon at r = 0. To this end, we transform to new coordinates (v, R, θ, φ ′ , ψ ′ ) where
where A 0 , A 1 , B 0 , C 0 are constants to be determined. The exterior of the black hole corresponds to R > 0. The scalars X I can be smoothly extended through R = 0, as can the v, φ ′ and ψ ′ components of the Maxwell potentials A I . The remaining non-zero components A I R diverge as 1/R as R → 0. However, this divergence is pure gauge if the coefficient of 1/R is independent of θ. This will be the case if, and only if,
If A 0 , B 0 , C 0 satisfy these equations then the Maxwell field strengths can be smoothly extended through R = 0. Now let's consider the metric. It is convenient to work with independent variables R and ρ 2 rather than R and θ. We then expand metric components as Laurent series in R (near R = 0). The coefficients in this series are analytic functions of ρ 2 . We have
Using equations (62) and (63) we find
The RR component of the metric contains divergent 1/R 2 and 1/R terms so we need the coefficients of these terms to vanish. After using (62) and (63), the vanishing of the coefficient of the 1/R 2 term determines B 0 , C 0 :
where δ is defined by (59). A 0 is now determined by (63). Finally, vanishing of the coefficient of the 1/R term in g RR determines A 1 :
We now have
Using the solutions for B 0 , C 0 determines
The metric and its inverse are now analytic at R = 0 and can therefore be extended into a new region R < 0. The surface R = 0 is a Killing horizon. To see this, consider the supersymmetric Killing field V = ∂/∂v, which is null at R = 0. The above results imply
This reveals that the R = 0 is a null hypersurface with normal V , i.e., a Killing horizon of V . The upper choice of sign corresponds to a future horizon and the lower choice to a past horizon. Equation (44) determines the angular velocities of the horizon with respect to the static frame at infinity:
The geometry of a spatial cross-section of the event horizon is determined by setting v = constant and R = 0, or equivalently t = constant and r → 0. This gives a deformed S 3 with area A H = 2π 2 (1 + g 2 α 1 )α 3 − g 2 α 2 2 4 − (A − B) 2 ABg 6 (1 + g 2 α 1 + g 4 α 2 + g 6 α 3 ).
This reduces correctly to the results of [5, 6, 7] in the appropriate limits.
3 Solutions of the U (1) 3 theory
In this section we shall consider the special case of N = 1 U (1) 3 gauged supergravity. This theory is of particular interest because its asymptotically anti-de Sitter solutions can be oxidized to asymptotically AdS 5 × S 5 solutions of type IIB supergravity [8] . We shall present a four-parameter supersymmetric black hole solution and list its properties. This section can be read independently of the previous one. However, it is necessary to refer to the previous section for derivations of our results. The U (1) 3 gauged supergravity theory of interest is described in [8] (and in section 2.1 above). The bosonic sector consists of the graviton, three vectors A I (denoted A i in [8] ) and three real scalars X I (denoted X i in [8] ) subject to the constraint where Spatial cross sections of the event horizon have the geometry of a deformed S 3 with area
The expression within the square root must be positive, otherwise there are closed causal curves near r = 0. Note that J > 0 so, for given electric charges, the horizon area is maximized and the mass minimized when a = b, i.e., when J φ = J ψ .
